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FIXED POINTS OF THE RUELLE-THURSTON
OPERATOR AND THE CAUCHY TRANSFORM
GENADI LEVIN
Abstract. We give necessary and sufficient conditions for a function in
a naturally appearing functional space to be a fixed point of the Ruelle-
Thurston operator associated to a rational function, see Lemma 2.1.
The proof uses essentially a recent [13]. As an immediate consequence,
we revisit Theorem 1 and Lemma 5.2 of [18], see Theorem 1 and Lemma
2.2 below.
1. Introduction
Let f be a rational function of degree at least 2. The Ruelle-Thurston
(pushforward) operator Tf associated to f acts on a function g as follows:
Tfg(x) =
∑
w:f(w)=x
g(w)
f ′(w)2
whenever the right-hand side is well-defined. (See [26], [7], [19] and references
therein for some background.) We say that H : C → C which is defined
Lebesgue almost everywhere is a fixed point of Tf if TfH(z) = H(z) for
almost every z ∈ C.
In [14], see also [19], we calculate the action of the resolvent (1−ρTf)
−1 on
the Cauchy kernel to study Pade´ approximations to the function
∫
dµ(u)/(z−
u) in the basin of∞ of a polynomial f where µ is the equilibrium measure of
f . On the other hand, Tf appears [7] in a duality relation
∫
C
H(z)(f ∗ν)(z)dσz =∫
C
(TfH)(z)ν(z)dσz where σz (here and later on) is the Lebesgue measure
on the z-plane and f ∗ : ν 7→ ν ◦ f(f¯ ′/f ′) is the pullback operator that acts
on Beltrami coefficients ν. Absence of non-trivial fixed points of f ∗ sup-
ported on J(f) (unless f is a so-called flexible Lattes map) is equivalent
to the ’no invariant line fields’ conjecture which, in turn, would imply the
fundamental ’density of hyperbolicity’, or Fatou conjecture, see e.g. [23].
The operator Tf has been used by Douady and Hubbard in their proof of
Thurston’s topological realisation of rational maps [7], and then applied to
transversality/’no invariant line field’/other problems e.g., [2], [4], [8], [9],
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[15], [16], [17], [18], [21], [22], [28] (see also [29]). See an example of applica-
tion after Theorem 1 of this paper. For an alternative (local) approach and
discussions, see [20].
A key point in those applications is the fact that 1 is not an eigenvalue
of the operator Tf , i.e., Tf has no non-trivial fixed points in a relevant
space (cf. [20]). The case of meromorphic on the Riemann sphere integrable
functions (quadratic differentials) is covered in [7], more general forms of
fixed points are considered in [8], [15], [18], [22], [28]. Our main result,
Lemma 2.1, describes the set of the fixed points of the operator Tf as well as
give conditions for the triviality of this set in a rather general and natural
space of functions. It includes, for example, Cauchy transforms of finite
discrete measures supported on critical orbits of f . Fixed points of Tf of
this form, for specific classes of maps f , appear in the above mentioned
works. In the present paper we consider the general situation allowing the
postcritical set to intersect boundaries of Herman rings of f , the remaining
case that has not been been covered before, cf. [22], [18], [2]. This case needs
separate special considerations.
Lemma 2.1, more precisely, its corollary Lemma 2.2, allow us to revisit
Theorem 1 of [18], see Theorem 1 below, to cover also maps with Herman
rings. Theorem 1, [18] and its revision Theorem 1 of the present note include
or imply many of the previous results in this direction, e.g., [28], [15], [22],
[29], [4], and have found new applications in [12], [1], [3].
2. Statements and comments
Given a finite complex measure µ on C, consider the Cauchy transform
of µ:
(1) µˆ(z) =
∫
dµ(w)
w − z
.
The integral converges absolutely Lebesgue almost everywhere and µ is
holomorphic in C¯ \ supp(µ) (see Sect 3 for more details). We will assume
additionally that µ satisfies the following condition at ∞:
(2)
∫
|z|>10
|z| log |z|d|µ|(z) <∞.
In particular, (2) holds if µ has a compact support on C. Denote
A =
∫
dµ(z) = µ(C), B =
∫
zdµ(z)
existing by (2). Note that µˆ is integrable at ∞ if and only if A = B = 0.
We use the following terminology and notations.
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Definition 2.1. (cf. [18]) A compact E ⊂ C is a A-compact if A(E) =
R(E) where A(E) is the algebra of all continuous function on E which are
analytic in the interior of E and R(E) is the algebra of uniform limits on E
of rational functions with poles outside E (=uniform limits on E of func-
tions holomorphic on E). E ⊂ C¯ is a A-compact if M(E) is a A-compact
for some (hence, any) Mobius transformation M such that M(E) ⊂ C. If
an A-compact E is nowhere dense, it is called a C-compact (C=continuous
since in this case A(E) = C(E), the set of all continuous functions on E).
Necessary and sufficient conditions for a compact in the plane to be A-
or C-compact are given by Vitushkin [30]. In particular [10], a compact E
is a C-compact if the area of E is zero. E is C-(respectively, A-)compact if
every point of E (respectively, every point of ∂E) belongs to the boundary
of a component of the complement C \ E, in particular, if the complement
to E consists of a finitely many components or if E is (a closed subset of)
the boundary of an open set (then E is a C-compact).
Recall that the Herman ring A is a periodic component of the Fatou set
F (f) of f which is homeomorphic to an annulus. The boundary ∂A of A
consists of two connected components.
Definition 2.2. Given a closed subset K of the Julia set J(f) of f , denote
by H(K) a collection of all Herman rings A of f such that ∂A ⊂ K and let
HK = ∪{A : A ∈ H(K)}.
Main result is the following. Remark that conditions on f at ∞ as well
as (1.1)-(1.2) in the next lemma are served for the proof of Theorem 1, as
in [18].
Lemma 2.1. Let f be a rational function which is not a flexible Lattes map.
1. Suppose f is normalized so that f(z) = σz+ b+O(1/z) for some σ 6=
0,∞. Let µ be a measure that satisfies (2) such that the function H(z) :=
µˆ(z) is a fixed point of the operator Tf . Assume that either (1.1) or (1.2)
holds:
(1.1) A = B = 0,
(1.2) either |σ| > 1, or σq = 1 for some q ∈ N and b = 0, or σ = 1 and
A = 0.
Assume that K := supp(µ) ⊂ J(f) and, moreover,
(CL) K is a C-compact.
Then µ = 0 outside HK, i.e., K ⊂ ∂HK = ∪A∈H(K)∂A. In particular,
µ = 0 if HK = ∅. If µ 6= 0 and, additionally to (CL),
(AL) HK is a A-compact,
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then the following representation holds:
(3) µ =
∑
A∈H(K)
µA
where µA is a measure supported on ∂A, µA is absolutely continuous w.r.t.
harmonic measure of A, at least one of µA is not trivial, and µA, µA′ are
mutually singular for A 6= A′. In particular, µ is non-atomic. Moreover, if
µA 6= 0, then A ∈ H(K) must satisfy the following property: if ψA : ∆A → A
is a holomorphic homeomorphism from a round annulus ∆A onto A, then
1/ψ′A is in the H
1-Hardy space, i.e.,
(4) lim sup
ǫ→0
∫
{z∈∆A:dist(z,∂∆A)=ǫ}
|dw|
|ψ′A(w)|
<∞
if HK ⊂ C is bounded, and otherwise (4) holds for M(A) instead of A where
M is a Mobius transformation such that M(HK) is a bounded subset of C.
2. Vice versa, let H = {A, f(A), · · · , f q−1(A)} be the cycle of a Herman
ring A. Assume that 1/ψ′A ∈ H
1. Then 1/ψ′B ∈ H
1 for every B ∈ H and
there exists a finite complex measure µ 6= 0 which is supported on ∪B∈H∂B
such that:
(2.1) Tf µˆ = µˆ in C \ supp(µ) and µˆ = 0 in C¯ \ ∪B∈HB,
(2.2) the representation (3) holds (with H instead of H(K)).
The measure µ is unique in the following sense: if ν is another measure with
the same support supp(ν) = ∪B∈H∂B for which (2.1) holds with µ replaced
by ν, then ν = kµ for some constant k ∈ C.
Notice that if the boundary curves of a Herman ring A happen to be
sooth enough (say C2) then 1/ψ′A ∈ H
1.
Comment 1. Presumably, closures of Herman rings are mutually disjoint
and the complement to the closure of any Herman ring consists of a finitely
many components. That would imply that the condition (AL) always holds.
Note that (AL) holds if, for example, boundaries of Herman rings of f are
locally connected.
Comment 2. (cf. [2]) Condition (CL) can be replaced by the following one:
(C˜L) f carries no an invariant line field on K.
This follows at once from Step III of the proof of Lemma 2.1, see Sect 4.
The condition (C˜L) in the case when HK is empty, i.e., K contains no
boundaries of Herman rings was, in fact, observed in [2].
The proof of Lemma 2.1 goes along the following lines, see Section 4.
First, using the contraction property of the operator Tf , it is shown that
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H = 0 outside K ∪ HK . If K contains no boundaries of Herman rings and
K is a C-compact, it follows that then µ = 0. In fact, in this case the proof
is not original and is more or less minor variation of arguments scattered
in [7], [8], [15], [22], [17], [18]. The case that K does contain boundaries
of Herman rings is the main content of the present note. In this case, we
use some recent results about the Cauchy transform from [13]: the claim
involving (CL) will follow from Lemma 2.1 and involving also (AL) - from
Corollary 2.1 of [13], we state them in Sect 3 for the reader’s convenience.
Let us draw a corollary which is suitable for the main application, The-
orem 1. Suppose that V := {v1, · · · , vℓ} ⊂ J(f) is a collection of critical
values of f . Let
K = ∪ℓj=1O
+(vj)
where O+(x) = {f i(x)}i≥0 denotes the forward orbit of a point x. Note that
K ⊂ J(f).
Definition 2.3. Let Hcrit(V ) be a subcollection of H(K) of those Herman
rings A such that there is a pair of different indices 1 ≤ i < i′ ≤ ℓ with the
property that O+(vi) is a dense subset of L := ∪
q−1
k=0f
k(LA) and O
+(vi′) is a
dense subset of L′ := ∪q−1k=0f
k(L′A) where LA, L
′
A are two components of ∂A
and q is the period of A. Denote
Hcrit,V := ∪{A : A ∈ Hcrit(V )}.
Now, suppose that, as in Lemma 2.1, f is not a flexible Lattes map with
the normalization f(z) = σz + b+O(1/z) at ∞.
Lemma 2.2. (cf. [18], Lemma 5.2) For each j ∈ {1, · · · , ℓ}, let mj be a
discrete, finite, complex measure supported in O+(vj)∩C, and m is a linear
combination of m1, · · · , mℓ. Let
(5) H(x) := mˆ(x) =
∞∑
k=0
αk
bk − x
. Assume
∑
k≥0
|αk|(1 + |bk|
2) <∞.
In particular, A =
∑
k≥0 αk, B =
∑
k≥0 αkbk exist. Assume that mi({vi}) 6=
0 whenever vi is neither periodic nor in the forward orbit of any other vi′,
i′ 6= i. Assume, additionally, that the following conditions of the part 1
of Lemma 2.1 are satisfied: either (1.1) or (1.2) as well as (CL). Finally,
assume
(ALcr) Hcrit,V is a A-compact.
Then TfH = H implies m = 0 (i.e., H = 0).
Indeed, let by a contradiction m 6= 0 so that after perhaps throw-
ing away some indices and re-numerating the rest, one can assume that
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m =
∑
1≤j≤ℓ ajmj where all aj 6= 0. As, by (CL), K is a C-compact, by
Lemma 2.1, part 1, supp(m) ⊂ ∂HK , in particular, one can assume from
the beginning that each O+(vj) falls into the boundary of some A ∈ H(K).
If vj is periodic, then this obviously implies that vj is in the boundary of
some Herman ring. If vj is not periodic, then vj is in the forward orbit
of some vi which is neither periodic nor in the forward orbit of any other
vi′ . Hence, m({vi}) = aimi({vi}) 6= 0 which implies that again vi, hence,
vj is in the boundary of some Herman ring. This proves that any vj is in
the boundary of some Herman ring. Therefore, K = ∪ℓj=1O
+(vj) is a sub-
set of boundaries of Herman rings, hence, by the definition of H(K), the
union ∪1≤j≤ℓO
+(vj) is a dense subset of ∂HK . Having that, the following
Claim shows thatHcrit,V = HK , hence, by (ALcr), thatHK is a A-compact.
Therefore, by Lemma 2.1, part 1, m has no atom, a contradiction.
Claim. Let x be in a component LA of the boundary of a Herman
ring A. Then O+(x) is either nowhere dense or (everywhere) dense in
L = ∪q−1k=0f
k(LA), q is the period of A.
Indeed, assume without loss of generality that q = 1 and that there is
a ball B centered at a point of L(= LA) such B ∩ L = B ∩ ω(x). As the
harmonic measure of B ∩ L is positive, there is a subset XB of positive
Lebesgue length in one of the boundary circle S of the annulus ∆A which
uniformizes A such that for each w ∈ XB there exists the radial limit ψA(w)
of ψA : ∆A → A and ψA(w) ∈ B. Hence, the set X = ∪i≥0λ
iXB, for the
corresponding λ ∈ S1 where ψ−1A ◦ f ◦ ψA : w 7→ λw, has the full length in
S and, for each w ∈ X , ψA(w) exists and is in ω(x). Therefore, ω(x) is a
closed and dense subset of L, i.e., ω(x) = L. Thus either ω(x) is nowhere
dense in L or is equal to L.
The proof of the following Theorem 1 is (literally) identical to the proof
of Theorem 1 of [18] (see Sect 5.3 there), after replacing Lemmas 5.2-5.3 of
[18] by Lemma 2.2. Recall that a critical point c of f with the forward orbit
in C is called summable if, for v = f(c),
∑∞
n=0
1+|fn(v)|2
1+|v|2
1
|(fn)′(v)|
<∞.
Theorem 1. (cf. [18], Theorem 1) Let f be an arbitrary rational function of
degree d ≥ 2 which is not a flexible Lattes example. Suppose that {c1, ..., cr}
is a collection of r summable critical points of f , and the union
C := ∪rj=1ω(cj)
of their ω-limit sets satisfies the following conditions:
(C) C is a C-compact,
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(Acr) Hcrit,v is a A-compact where v := {f(c1), · · · , f(cr)}.
Replacing if necessary f by its equivalent (i.e., Mobius conjugate), one can
assume the forward orbits of c1, ..., cr avoid infinity. Consider the set Xf of
all rational functions of degree d which are close enough to f and have the
same number p′ of different critical points with the same corresponding mul-
tiplicities. Then there is a p′-dimensional manifold Λf and its r-dimensional
submanifold Λ, f ∈ Λ ⊂ Λf ⊂ Xf , with the following properties:
(a) every g ∈ Xf is equivalent to some gˆ ∈ Λf ,
(b) for every one-dimensional family ft ∈ Λ through f , such that ft(z) =
f(z)+ tu(z)+O(|t|2) as t→ 0, if u 6= 0, then, for some 1 ≤ j ≤ r, the limit
(6) lim
m→∞
d
dt
|t=0f
m
t (cj(t))
(fm−1)′(f(cj))
=
∞∑
n=0
u(fn(cj))
(fn)′(f(cj))
6= 0
exists and is a non-zero number. Here cj(t) is the critical point of ft, such
that cj(0) = cj.
Note the following particular case: all points c1, · · · , cr belong to the
same grand orbit i.e., fni(ci) = f
nj(cj) for any i, j and some ni, nj > 0.
Then by Definition 2.3, Hcrit,v is empty, hence, the condition (Acr) is void:
Complement to Theorem 1. If all points c1, · · · , cr are in the same
grand orbit (e.g., if r = 1 or r > 1 but f(c1) = f(c2) = · · · = f(cr)), then
the condition (Acr) is unnecessary.
In Theorem 1 of [18], the condition (Acr) of the present Theorem 1 was
absent. Presumably, (Acr) holds always, see Comment 1. The case H(C) = ∅
was covered in [18] (see also [2]). Here we treat the missing case, i.e, when
boundaries of some Herman rings are contained in C.
Condition (6) is equivalent to the following: for a coordinate system
{x1, · · · , xp′} in Λf , the rank of the matrix {L(cj, xk)}1≤k≤p′,1≤j≤r, where
L(cj, xk) = lim
m→∞
∂gm(cj)
∂xk
|g=f
(fm−1)′(f(cj))
is maximal, i.e., equal to r. As mentioned in Section 1, Theorem 1 covers
many previous results in this direction (as well as finds new applications).
For example, consider the unicritical family fv(z) = z
d+v. If 0 is a summable
critical point of fv0 , then, by Corollary 2.1(2) below, Theorem 1 applies,
hence, (6) holds and it turns into
lim
m→∞
d
dv
|v=v0f
m
v (0)
(fm−1)′(v0)
=
∞∑
n=0
1
(fn)′(v0)
6= 0.
This implies, in particular, that fv0 is unstable in the family {fv}v∈C. In-
deed, if fv0 were structurally stable in {fv}, then the sequence of functions
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{fmv (0)} near v = v0 (hence, the sequence of derivatives {
d
dv
|v=v0f
m
v (0)},
too) would be bounded, which, along with (fm−1)′(v0) → ∞ would imply
that
d
dv
|v=v0f
m
v (0)
(fm−1)′(v0)
→ 0, a contradiction, see [15] for details.
More generally, let f be a rational function (not a flexible Lattes map)
with a summable critical point c such that ω(c) is a C-compact. Then, by the
Complement to Theorem 1 (with r = 1), the inequality (6) must hold,
for some family ft(z) = f(z)+ tu(z)+O(|t|
2) ∈ Λ with u 6= 0. On the other
hand, if we assume that f is structurally stable in the (one-dimensional)
space Λ then repeating the argument for the unicritical family, the limit
in (6) must be zero. This contradiction shows that such f is unstable in
Λ, therefore, also in a bigger space Λf , see Corollary 1.2 of [18] for more
details. In particular, f is unstable in the space of all rational maps of the
same degree [22].
Comment 3. • since C is closed and forward invariant, either C is
nowhere dense or C = C¯ = J(f), hence, under the condition (C), C
has to be nowhere dense,
• C is a C-compact if and only if ω(cj) is a C-compact for every j ∈
{1, · · · , r}. If cj ∈ ∂U where U is a component of the Fatou set of
f (say, an iterate of cj is in the boundary of a Herman ring), then
ω(cj) ⊂ ∪n≥0f
n(∂U), hence ω(cj) is a C-compact (we use that U is
(pre-)periodic, by Sullivan’s no wandering domain theorem),
Let us list some classes of rational maps f and corresponding sets C for
which the conclusion of Theorem 1 of [18](=conclusion of Theorem 1 of this
note) holds:
Corollary 2.1. The conclusion of Theorem 1 holds whenever f is not a
flexible Lattes and one of (1)-(8) takes place:
(1) f has no Herman rings and C is a C-compact,
(2) f is a polynomial,
(3) J(f) = C¯, and C is a C-compact,
(4) C 6= C¯ and the complement to C consists of a finitely many compo-
nents,
(5) note two particular cases of (4): (i) C is totally disconnected, for
example, finite, (ii) C lies in a finite union of disjoint Jordan curves
in C¯, for example, C ⊂ R,
(6) f : C → C is expanding (e.g., the critical points c1, · · · , cr satisfy
Misiurewicz’s condition),
(7) the following two conditions hold:
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(7.1) the area of C \ ∂Hcrit,v is zero,
(7.2) either Hcrit,v is empty (e.g., all c1, · · · , cr are in a single grand
orbit), or the boundary of every Herman rings of f is locally
connected.
(8) All critical values of f which are in J(f) are summable. Here either
C is nowhere dense or C = C¯ = J(f).
Corollary 2.1 follows immediately from Corollary 2.2 of Lemma 2.1 which
is stated right after the following comment about applications of Theorem
1:
Corollary 2.1 implies that Corollaries 1.1-1.2 of [18] and their proofs re-
main untouched. Indeed, in Corollary 1.1 of [18] case (6) of the Corollary 2.1
above applies, and in Corollary 1.2,[18], Complement to Theorem 1 (with
r = 1) applies (see discussion after Theorem 1). By similar reasons, applica-
tions of Theorem 1 of [18] in [12] and in [1] are unaffected as well: in [12] f is
a polynomial (so case (2) of Corollary 2.1 applies) and in [1] f is expanding
on C, i.e., case (6) of Corollary 2.1 works (in fact, the case (1) applies as
well because f as in [1] cannot have Herman rings).
Now
Corollary 2.2. In the notations of Lemma 2.1, TfH = H (where H = µˆ
with supp(µ) ⊂ J(f)) implies µ = 0 if f is not a flexible Lattes and one
of the conditions (1)-(8) of Corollary 2.1 holds with the following obvious
changes: C should be replaced by K ⊂ J(f) and, additionally, in cases (1)-
(7), K is nowhere dense, and in case (7) Hcrit,(v) is replaced by HK . In the
case (8), K can have interior points.
Proof. We handle here cases (1)-(7); for the case (8), see the end of Section
4. In cases (1)-(7), K ⊂ J(f) is a C-compact. Indeed, in cases (1),(3) it is
a condition, in cases (2) and (4), every point of K belongs to a component
of the complement, and in cases (6),(7), K is of measure zero: It remains
to note the following. In cases (1)-(3), f have no Herman rings. In case (4),
the complement to K as well as to HK consist of finitely many components,
therefore, K is a C-compact (being also nowhere dense) and HK is a A-
compact. It remains to consider cases (6)-(7). In case (7), if the boundary
of every Herman ring is locally connected it is easy to see that the closures of
two different Herman rings are disjoint and the complement to the closure
of every Herman ring consists of a finitely many components. Therefore,
HK is a A-compact. Finally, as for the case (6), if f : K → K is expanding
then K cannot contain the boundary of a Herman ring as it is shown in the
next lemma. 
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Lemma 2.3. Let Ω be a Herman ring of a rational function f which is
invariant by f . Then, for either component L of ∂L, f : L → L is not
expanding.
Proof. Assume the contrary. Then, passing to an iterate, one can find a
neighborhood U of L such that |Df(z)| > 2 for any z ∈ U . Fix a con-
formal homeomorphism ψ : {1 < |w| < r} → Ω so that f = ψRψ−1
where R(w) = λw is an irrational rotation. We can suppose that L =
∩1<r′<rψ({1 < |w| < r′}). Fix 1 < ρ < r so that U0 := ψ({1 < |w| ≤ ρ}) is
compactly contained in U . Let Γ = ψ({|w| = ρ}) and h > 0 is the distance
between two disjoint compact sets L and Γ. Find u ∈ L and v ∈ Γ so that
h = |u − v|. The interval (u, v] must be a subset of U0 because otherwise
there would exist u′ ∈ L, v′ ∈ Γ with |u′ − v′| < h. Let g := ψR−1ψ−1
the branch of f−1 leaving Ω invariant and let γ = g((u, v]). Then γ is a
semi-open curve in U0 which begins at v−1 = g(v) and tends to L. Since
|Df(x)| > 2 for all x ∈ γ, the length of γ, l(γ) < h/2. As v−1 ∈ Γ and γ
joins v−1 and L, we arrive at a contradiction with the definition of h. 
3. The Cauchy transform of measures
Given a finite complex measure ν with supp(ν) ⊂ C, let
νˆ(z) =
∫
dν(w)
w − z
be the Cauchy transform of ν. For the following facts, see e.g. [11]. As ν
is finite, by Fubini’s theorem,
∫ d|ν|(w)
|w−z|
(hence, νˆ) is locally in L1(dxdy).
In particular, νˆ exists almost everywhere on C. Besides, νˆ is holomorphic
outside of supp(ν), and ν(∞) = 0 if ν has a compact support. Moreover,
νˆ 6= 0 on a set of a positive area unless ν = 0. The following two propositions
are the main auxiliary statements we use. They appear in [13] as Lemma
2.1 and Corollary 2.1, respectively.
Proposition 1. (a) Any closed subset of a C-compact is C-compact.
(b) Let K be a nowhere dense compact in C and µ a measure on K.
Suppose that for a neighborhood W of a point x ∈ K, K ∩W is a
C-compact and µˆ = 0 on W \K. Then µ vanishes on K ∩W , i.e.,
|µ|(W ) = 0.
Proposition 2. Suppose H is a non empty collection of bounded rotation
domains of a rational function f . Let V = ∪{A : A ∈ H}, E ⊂ C \ V
a nowhere dense compact subset such that ∂V ⊂ E, and ν be a bounded
complex measure supported on E such that νˆ = 0 off E ∪ V . If E is a
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C-compact and V is a A-compact, then ν is, in fact, supported on ∂V =
∪A∈H∂A, ν|∂A, A ∈ H, are mutually singular and, for each A, ν|∂A is
absolutely continuous w.r.t. harmonic measure of A. In particular, ν is non-
atomic. Moreover, for each A ∈ H,
lim sup
ǫ→0
∫
{z∈∆A:dist(z,∂∆A)=ǫ}
|νˆ ◦ ψA(z)||ψ
′
A(z)||dz| <∞,
where ψA : ∆A → A is a holomorphic homeomorphism from a round annulus
∆A onto A.
4. Proof of Lemma 2.1
Let us start with the part 1. We split the proof into Steps I-VIII. Note
that most of arguments are not original and included for completeness.
Namely, Step I is taken from the proof of Lemma 5.2, [18] and along with
Steps II-V and the first claim of Lemma 4.5 of Step VI are indeed minor
modifications of [7], [8], [15], [22], [17]. After that, the proof when K contains
no boundaries of Herman rings is straightforward, see Step VII. In a short
step VIII we deal with the general case applying Propositions 1-2.
We prove the part 1 by a contradiction. So letH be the Cauchy transform
of a finite complex measure µ that satisfies (2). Assume that µ 6= 0, TfH =
H , and the conditions of Lemma 2.1, part 1 hold.
I. The function
H˜(z) := H(z) +
A
z
+
B
z2
=
∫
[
1
w − z
+
1
z
+
w
z2
]dµ(w) =
∫
w2
z2(w − z)
dµ(w)
is integrable at ∞. Indeed, for every w, the function (of z) w2/[z2(w − z)]
is integrable at ∞, and one can write:∫
|z|>1
∣∣∣∣ w2z2(w − z)
∣∣∣∣ dσz = |w|
∫
|u|>1/|w|
∣∣∣∣ 1u2(1− u)
∣∣∣∣ dσu ≤
C1|w|(1 + ln
+ |w|),
where ln+ |w| = max{0, ln |w|}. Hence,∫
|z|>1
|H˜(z)|dσz ≤
∫
d|µ|(w)
∫
|z|>1
∣∣∣∣ w2z2(w − z)
∣∣∣∣ dσz ≤ C1
∫
|w|(1 + ln+ |w|)d|µ|(w) <∞,
by the condition (2). Now, take R big enough and consider the disk D(R) =
{|x| < R}. We claim that
(7) lim sup
R→∞
{∫
f−1(D(R))
|H(x)|dσx −
∫
D(R)
|H(x)|dσx
}
≤ 0.
Indeed, in the case (1.1),i.e., if A = B = 0, this follows at once from the
integrability of H at ∞. In the case (1.2), the conditions on σ imply that
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there is a > 0, such that
(8) f−1(D(R)) ⊂ D(R + |b|+
a
R
)
(actually, f−1(D(R)) ⊂ D(R), if |σ| > 1). On the other hand,
(9) lim
R→∞
∫
R<|x|<R+|b|+a/R
|H(x)|dσx = 0
since H˜(x) = H(x) + A
x
+ B
x2
is integrable at ∞, and an easy calculation
shows that the conditions in the case (1.2) guarantee that
(10) lim
R→∞
∫
R<|x|<R+|b|+a/R
∣∣∣∣Ax + Bx2
∣∣∣∣ dσx = 0.
(9) along with (8) imply (7) in the case (1.2). As in the proof of Lemma
5.2, [18], (7) implies that
(11) |H(x)| = |TfH(x)| = |
∑
w:f(w)=x
H(w)
f ′(w)2
| =
∑
w:f(w)=x
|H(w)|
|f ′(w)|2
almost everywhere. Indeed, otherwise there is a set A ⊂ D(R0) of positive
measure (for some R0) and δ > 0, such that |TfH(x)| < (1−δ)
∑
w:f(w)=x
|H(w)|
|f ′(w)|2
for x ∈ A. Then, for all R > R0,∫
D(R)
|H(x)|dσx =
∫
D(R)\A
|TfH(x)|dσx +
∫
A
|TfH(x)|dσx <
∫
f−1(D(R)\A)
|H(x)|dσx+(1−δ)
∫
f−1(A)
|H(x)|dσx =
∫
f−1(D(R))
|H(x)|dσx−δ
∫
f−1(A)
|H(x)|dσx
which contradicts (7).
II. By Sect 3, H is well-defined on a set Y ⊂ C such that C\Y has zero
Lebesgue measure and H(x) 6= 0 on a set Z ⊂ Y of a positive Lebesgue
measure. Replacing Y by ∩n∈Zf
n(Y ), one can assume that Y is completely
invariant. (11) immediately implies
Lemma 4.1. For every measurable A ⊂ C such that
Λ(A) :=
∫
A
|H(z)|dσz <∞,
we have:
Λ(A) = Λ(f−1(A)).
In other words, Λ is an f -invariant positive measure on C (which is finite
in the case (1.1) though not necessary finite in the case (1.2)).
III.
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Lemma 4.2. Assume x ∈ Y , f ′(x) 6= 0 and H(x) 6= 0. Then there is a real
constant Lx ≥ 1 such that
(12) H(f(x))(f ′(x))2 = LxH(x).
In particular, x ∈ Z implies f(x) ∈ Z. If f(x), x are in Kc := C \ K
then there is a neighborhood U of x so that (12) holds for all x ∈ U and,
moreover, Lx is a constant function in U .
Proof. (12) follows at once from (11). If, additionally, f(x), x ∈ Kc then
there is a connected neighborhood U of x such that U ∪ f(U) ⊂ Kc and
H, f ′ do not admit 0 in U . It follows that Lx = H(f(x))(f
′(x))2/H(x) is a
real holomorphic function in x ∈ U , therefore, a constant. 
Let
l(z) = H(z)/|H(z)|
whenever H(z) is well-defined and not zero. Since Lx > 0 in (12), it follows
that
l(f(z))f ′(z)/f ′(z) = l(z)
whenever z ∈ Z and f ′(z) 6= 0 This means that l(z)dz/dz is an invariant
line field defined initially on the set of all z ∈ Z, f ′(z) 6= 0.
Consider the case J(f) = C¯. The condition (CL) that K is a C-compact
implies that K is nowhere dense, hence, C \ K is a non-empty open set.
Assume by contradiction that H(z) 6= 0 on a non-empty open U ⊂ C \K.
Then l(z)dz/dz is an invariant holomorphic linefield on U . Therefore, by
Lemma 3.16 of [23], f is a flexible Lattes map which contradicts to condition
(i). Thus H ≡ 0 off a C-compact K, hence, by (classical) fact of Lemma
5.3, [18], H ≡ 0, i.e., we are done in this case.
IV. From now on, J(f) 6= C¯. To deal with the (non-)integrability of H
at ∞ we use the following
Lemma 4.3. Let g be a local holomorphic map in a neighborhood of 0 such
that g(0) = 0, g′(0) = 1. Let h(z) = A˜/z3 + B˜/z2 + h˜(z) where A˜, B˜ ∈ C
and h˜ is an integrable function in a neighborhood of 0. Assume that either
(a) g(z) = z +O(z3) or (b) g(z) = z +O(z2) and A˜ = 0. Then:
(1) every attracting petal P of g at 0 contains a domain UP such that
g(UP ) ⊂ UP , UP \ g(UP ) contains a disk, 0 ∈ ∂UP , every forward
orbit in P enters UP and∫
UP
|h(z)|dσz <∞,
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(2) there is an open set U− such that g
−1(U−) ⊂ U−, the union of U−
with all attracting petals of g at 0 and the point {0} constitutes a
neighborhood of 0 and∫
U−
|h(z)|dσz <∞.
Proof. (1) Begin with a remark that given a local holomorphic injection
(coordinate change) ψ near 0 such that ψ(0) = 0 and ψ′(0) = 1 it is easy
to see that enough to show the existence of U˜ instead of U as in (1) for
g˜ = ψ−1 ◦ g ◦ ψ and h ◦ ψ instead of g and h respectively and then let
U = ψ(U˜). Consider the case (a). One can assume that the asymptotic
attracting direction of U˜ is the positive real axis. We use classical facts
about local dynamics near a parabolic fixed point, see e.g., [6]. There exists
a local coordinate change ψ such that g˜(z) = z− zν+1+αz2ν+1+O(|z|2ν+2)
where ν ≥ 2 (since g(z) = z + O(z3)). Moreover, making a local change of
coordinate w = l(z) := 1/(νzν) in the attracting petal P˜ = ψ−1(P ) of g˜ we
get F (w) = l◦ g˜◦l−1(w) = w+1+C/w+O(1/|w|2) as w →∞ in P∞ = l(P˜ )
which contains a set of the form {w = w1+ iw2 : w1 > M0−κ|w2|} for some
big M0 > 0 and κ > 0. Finally, there is a Fatou coordinate Ψ : U∞ → C
such that Ψ(w) = w −C logw +O(1) for the main branch of log such that
Ψ ◦ F (w) = Ψ(w) + 1. Now, given ǫ > 0 and M > 0 let U∞(ǫ,M) :=
{w = w1 + iw2 : w1 > M, |w2| < w
ǫ
1}. It is straightforward to check that
given ǫ > 0 there is Mǫ such that F (U∞(ǫ,Mǫ)) ⊂ U∞(ǫ,Mǫ). Making Mǫ
even bigger if necessary and using the asymptotics for the Fatou coordinate
we check also that every forward orbit of F in P∞ enters U∞(ǫ,Mǫ). Let
us fix ǫ ∈ (0, 1/ν) and the corresponding U∞ := U∞(ǫ,Mǫ). Let U˜ :=
l−1(U∞) ⊂ P˜ . Now, if w = w1 ± iw
ǫ
1 ∈ ∂U∞, for a big w1 > 0, then z =
l−1(w) = 1/(νw)1/ν(w) = u+ iv where u = ν−1/νw
−1/ν
1 (1 +O(w
−2+2ǫ
1 )) and
v = ±ν−1−1/νw
−1−1/ν+ǫ
1 (1 + O(w
−1+ǫ
1 )). Therefore, as v → 0 the following
asymptotics holds: |v| = Buγ +O(|u|γ
′
) where γ = ν +1− ǫν > 2 (as ν ≥ 2
and 0 < ǫ < 1/ν) and γ′ = γ + ν(1 − ǫ) > γ. Since h(ψ(z)) = O(|z|−3)
we then get that
∫
U˜
|h(ψ(z))|dxdy <∞. The case (b) is very similar to (a)
though simpler and is left to the reader.
Part (2) follows if we apply part (1) to attracting petals of the local
inverse g−1 finding for each such petal Rj , 1 ≤ j ≤ ν, the corresponding
to g−1 set URj . Let U− = ∪
ν
j=1URj . Since each forward orbit in Rj by g
−1
enters URj , the union of U− and the attracting petals of g is a punctured
neighborhood of 0. 
V. Let Ω be a component of F (f).
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Recall that Λ is a measure introduced in Lemma 4.1, Step II.
Lemma 4.4. If Ω is not periodic then H|Ω = 0.
Proof. Assume the contrary and choose A ⊂ Ω such that µ(A) > 0. Since
Ω is not periodic, f−n(A)∩ f−m(A) = ∅ for all non-negative n 6= m. Hence,
by Step II, Λ(∪n≥0f
−n(A)) =
∫
∪n≥0f−n(A)
|H(z)|dσz = ∞. In the case (1.1)
H is integrable on C¯, a contradiction. Consider the case (1.2). If |σ| > 1
then ∞ is an attracting fixed point of f . Hence, all f−n(A) stay away from
a neighborhood of ∞, therefore, Λ(∪n≥0f
−n(A)) =
∫
∪n≥0f−n(A)
|H(z)|dσz <
∞, a contradiction. In the remaining two possibilities of the case (1.2),∞ is
a parabolic fixed point. Let Ω∞ be its immediate basin. As ∪n≥0f
−n(A) ⊂
C \ Ω∞, we get a contradiction if show that
(13)
∫
C\Ω∞
|H(z)|dσz <∞.
To this end, passing to f q we get: either f q(z) = z + O(1/z) or f(z) =
z +O(1) and A = 0. Now, making the change w = 1/z we arrive at a map
g(w) = 1/f(1/w) and |H(z)|dσz = |h(w)|dσw where h(w) = H(1/w)w
−4
precisely as in Lemma 4.3 of Step IV. Let U− be the set appeared in (2)
of that Lemma. Since C \ Ω∞ ∩ {|z| > R} ⊂ 1/U− for R big enough, (13)
follows. 
VI. We are left with the case when Ω is a periodic component of F (f).
Lemma 4.5. (1) If Ω is not a Herman ring then H|Ω = 0.
(2) (cf. [15], p.190; [2]) If Ω is a Herman ring and H|Ω 6= 0 then there
is CΩ 6= 0 so that, H|Ω = CΩ{
ϕ′
Ω
ϕΩ
}2 where ϕΩ : Ω→ {1 < |w| < RΩ}
is a conformal isomorphism. Moreover, CΩ = Cf i(Ω) for all i > 0,i.e.
depends only on the cycle that contains Ω. Moreover, ∂Ω ⊂ K.
Proof. Let q be so that f q(Ω) = Ω and H|Ω 6= 0, i.e., H is a non-zero
holomorphic function on a connected open set Ω. First, let Ω be an im-
mediate basin of attraction of either attracting or parabolic point a ∈ Ω.
To prove that H|Ω = 0 it is enough to find an open set X ⊂ Ω such that
Λ(X) < ∞ and either (i) X ⊂ f−q(X), f−q(X) \X contains a ball or (ii)
X ⊃ f−q(X), X \ f−q(X) contains a ball. Indeed, then Λ(f−q(X) \ X) =
Λ(f−q(X))−Λ(X) = 0 in case (i) and Λ(X \f−q(X)) = 0 in case (ii), hence,
in either case H = 0 on a ball in Ω, hence, everywhere in Ω. Let us show
that such a set X exists. If a is attracting or parabolic and a 6= ∞, X can
be taken a neighborhood of a if a attracting and an attracting petal at a if
a parabolic. If a = ∞ attracting (i.e., |σ| > 1), define X = Ω \ U where U
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is a neighborhood of ∞. Finally, if a = ∞ parabolic, by Lemma 4.3 define
X = 1/UP where P is an attracting petal at 0 of g(z) = 1/f(1/z).
Now, let Ω be either a Siegel disk or a Herman ring. Since f q : Ω → Ω
is a homeomorphism, by Step V, H is a holomorphic non-zero map on Ω
such that H ◦ f q[(f q)′]2 = H on Ω. Let ϕΩ : Ω → ∆ be a conformal
homeomorphism onto either a disk (if Ω is a Siegel disk) or an annulus ∆
(if Ω is a Herman ring) which conjugates f q : Ω → Ω with an irrational
rotation w 7→ λw on ∆. For H˜ = H ◦ ϕ−1Ω [(ϕ
−1
Ω )
′]]2, the equation for H
turns into: H˜(λw)λ2 = H˜(w), w ∈ ∆. Writing this equation in terms of
a series H˜(w) =
∑∞
n=−∞ anw
n, it is immediate that the only solution is
H˜(w) = a−2/w
2, that is, the case of a disk (when an = 0 for n < 0) is
impossible, while if ∆ is an annulus, H must be proportional to {
ϕ′
Ω
ϕΩ
}2.
Moreover, since H|Ω 6= 0, every point z ∈ ∂Ω must belong to K. Indeed,
otherwise H is a holomorphic function in a neighborhood V of z such that
H 6= 0 in Ω ∩ V . On the other hand z = limn→∞ zn for a sequence zn of
points of some non-periodic components of F (f), hence, by Lemma 4.4,
H(zn) = 0 and by the Uniqueness Theorem, H|V = 0, a contradiction. 
By Steps V-VI, H = 0 outside K ∪HK .
VII. H(K) = ∅, i.e., K contains no boundaries of Herman rings. Then
by Steps V-VI, H = µˆ = 0 off K. Assume (CL), i.e., K is a C-compact.
Then, by (well-known) Lemma 5.3 of [18], µ = 0, a contradiction.
VIII: H(K) 6= ∅. Assuming (CL), i.e., K is a C-compact, by Lemma 1,
µ = 0 in C \ HK , i.e., K = supp(µ) ⊂ ∂HK (cf. with the proof of Theorem
1 of [13]). By Lemma 4.5(2), for each A ∈ HK , H|A = µˆ|A = CA{ϕ
′
A/ϕA}
2,
therefore,
(14) µˆ ◦ ψA(w)ψ
′
A(w) = CA{w
2ψ′A(w)}
−1.
Now we also assume (AL). There are two cases. If HK is bounded, we
directly apply Proposition 2 to E = K, H = H(K), and ν = µ, and
get the desired conclusion. If ∞ ∈ HK , let M(z) = 1/(x0 − z) for some
x0 ∈ C\HK and let E =M(K), H = {M(A)|A ∈ HK}, and ν is defined by
dν(u) = udµ(M−1(u)) so that νˆ(v) = v−1µˆ(M−1(v)) = 0 off the bounded set
E∪V ⊂ C. Now we can apply Proposition 2 to the rational mapM◦f◦M−1,
its collection of bounded Herman rings H = {B = M(A)|A ∈ HK}, the
set E and the measure ν just defined. We obtain the representation ν =∑
{B∈H} νB where νB is supported on ∂B and absolutely continuous w.r.t.
the harmonic measure ωB of B, i.e., dνB = hBdωB where hB ∈ L
1(∂B, ωB).
By the connection of µ and ν and since dωM(a)(M(z)) = M
′(z)dωA(z), we
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get the representation (3), as in the conclusion of part Lemma 2.1, part 1.
That 1/ψ′A ∈ H
1 provided CA 6= 0 follows from (14) as well.
Part 1 has been proved.
Let us prove Part 2. After perhaps a Mobius change, one can assume
that all Herman rings B ∈ H are bounded subsets of C. Let us show that
1/ψ′B ∈ H
1 for all B ∈ H. By a condition this holds for B = A. Let now
B = f j(A) for some j ∈ {1, · · · , q − 1}. Then ψB = f
j ◦ ψA : ∆A → B and,
for an appropriate λ ∈ S1 and all w ∈ ∆A,
|ψ′B(w)| = |(f
j)′(ψA(w))ψ
′
A(w)| = |
ψ′A(w)(f
q)′(ψA(w))
(f q−j)′(f j(ψA(w)))|
=
|λψ′A(λw)|
|(f q−j)′(f j(ψA(w)))|
≥M−(q−j)|ψ′A(λw)|
where M = sup{|(f ′(z)| : z ∈ ∪B∈HB} < ∞. We get immediately that
1/ψ′B ∈ H
1 as well. Now the existence of the measure µ follows easily
from (14) if we apply [13], Theorem 1,P2 where we take Ωi = f
i−1(A),
i = 1, · · · , q−1, and κi = (ϕ
′
i/ϕi)
2 where ϕi : f
i−1(A)→ {1 < |w| < R} is a
conformal homeomorphism. As for the uniqueness, if ν is another measure
as in Part 2, by (14), there is C ∈ C such that, for the measure τ := ν−Cµ,
τˆ = 0 off K := ∪{∂B : B ∈ H}. On the other hand, K is a C-compact
because every x ∈ K lies at the boundary of one of the components B ∈ H
of its complement. Hence, τ = 0.
Case (8) of Corollary 2.2. So assume that every critical point in J(f)
is summable. If J(f) 6= C¯, then by [25], J(f) is of measure zero and f
has no Herman rings, hence, K ⊂ J(f) is a C-compact and HK is empty,
and Lemma 2.1 applies. Let J(f) = C¯, in particular, f has no Herman
rings. Assume H is non-trivial. By Step III of the above proof of Lemma
2.1, f admits a non-trivial invariant line field on a forward invariant set of
a positive Lebesgue measure (which is the set Z minus forward orbits of
critical points). On the other hand, by [27] (see also [24]), Lebesgue almost
every point of C is conical for f , which leads (as in [23]) to the existence
of a holomorphic line field for f , hence, f is a flexible Lattes example,a
contradiction.
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